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Abstract-Plasticity in steel is characterized by an appreciable amount of plastic flow (in the yield
plateau range) which precedes strain-hardening. This study is devoted to an analytical evaluation
of plastic buckling stress of uniformly compressed rectangular steel plates, supported along their
four edges, by the use of a modulus in shear and bending stiffnesses derived by the author (Inoue
and Kato, 1993, Int. J. Solids Structures, 30, 835-856) based on the Tresca yield criterion. Their
values were analytically derived by the concept that plastic strain is to be caused by slip. In this
paper, analytical results are compared with those tested by the author, and the former are in good
agreement with the latter especially in the early plastic zone.

I. INTRODUCTION

Various researches have been made for plastic buckling of plates. These were summarized
by the author (Inoue and Kato, 1993).

The discrepancy between theoretical value and test result is going to be diminished.
However theory is not able to explain this problem perfectly yet. The author (Inoue and
Kato, 1993) previously obtained equivalent plastic shear modulus and bending stiffnesses
of steel plate under compression at the instant of buckling whose material is characterized
by plastic-flow and strain-hardening. And these values were applied to the buckling analysis
of a cruciform section column. In its analysis, analytical results were shown to be in good
agreement with the first test in the early plastic zone. In its analysis, yielding of a steel plate
was to follow the Tresca yield criterion. Plastic deformation of the plate was to be caused
by slips which develop only in the directions ofmaximum shear stress. Its analysis concretely
investigated a nonuniform distribution of slips depending on the orientation of an infinite
number of possible slip planes at each point in the plate. As a result, equivalent shear
modulus was equal to half the elastic shear modulus everywhere in the plastic range, and
all the bending stiffnesses vanished in the plastic-flow range. In the strain-hardening range,
the equivalent shear modulus was again equal to half of the elastic value and one bending
stiffness in the x-direction was nonzero. The reason why the equivalent shear modulus had
such a low value is that, in the plastic range, simple shear plastic deformation in the
transverse cross-section is created at the instant of plate buckling and the exerted elastic
shear strain is much less. In this paper, these moduli and stiffnesses are applied to the plastic
buckling analysis of rectangular steel plates under compression supported along their four
edges. These results are compared with test results carried out by the author.

2. PLASTIC BUCKLING OF STEEL PLATES SUPPORTED ALONG THEIR
FOUR EDGES UNDER UNIAXIAL COMPRESSION

2.1. Shear modulus and bending stiffnesses
A steel plate supported along its four edges under uniaxial compression is shown in

Fig. 1. In this figure, d is plate width, (1 is working stress.
The bending and torsional moments of an orthogonally anisotropic plate are given by

the following equations (Girkmann, 1956):
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Fig. I. Plate and working stress.

Mx = D.J4JX+ DX,./4JV}
My: DyI4Jy+Dv.J4Jx ,

Mxy - 2GpI4Jx,'

(I)

M x : bending moment around y-axis per unit width
M,. : bending moment around x-axis per unit width
M q : torsional moment per unit width
DJ, D,.I, D<,"/, Dy.J: bending stiffnesses
GpI: torsional stiffness
Gp : shear modulus
1=(3/12

a2w
4Jx = - ax 2 : curvature in x-direction

a2w
4J1' = - -a2: curvature in y-direction. y

a2w
4J" = ax ay : twist of the surface with respect to the x- and y-axes

w: out-of-plane displacement (displacement ion z-direction).

The author (Inoue and Kato, 1993) showed that Gp, D.n Dy, Dx.l" Dyx took the following
value:

(plastic-flow range)

(2)

where

G = 2(l~V): elastic shear modulus

E = 205940 N mm - 2: Young's ratio
v = 0.3: Poisson's ratio of steel.

(3)

(Strain-hardening range)

(2)'

(4)

where
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Est: tangent modulus on the stress-strain curve of the material in the strain-hardening
range.

2.2. Buckling analysis
The equilibrium equation of the plate at buckling is given as follows:

(5)

where

N = (fer!: bifurcation strength per unit width
(fer: bifurcation stress.

(Plastic-flow range)
Substituting eqns (2), (3) for eqns (I) and applying to eqn (5), I obtain

a4w N a2w
ax2a2y + 2GI ax2 = 0.

The out-of-plane displacement is assumed as:

w = f(y)g(x).

Substituting eqn (7) for eqn (6), I obtain

(6)

(7)

(8)

where . and indicate derivatives with respect to x and y, respectively. The boundary
conditions are represented by

g(x) = 0 at x = 0, I}

fey) = ° at y = O,d .
(9)

Equation (8) is satisfied by the following two relations: g(x) = 0 or f"(y) +
(N/2Gl)f(y) = O. Considering the boundary conditions at x = 0 and I, the former relation
reduces to g(x) = 0, or w = 0 which is a trivial solution representing no buckling. The
general solution for the latter relation is given by

fey) = A sin [fiY+BCOS IN yyiGI y2Gi .

From the boundary condition at y = 0, I obtain

fey) = A sin~y,

Thus

w = A sin~Y- g(x).

From the boundary condition at y = d, I obtain

(to)

(II)

(12)
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.~sm 2Gld= O. (13)

Thus

~d=n. (14)

Finally, the following bifurcation strength and stress are obtained:

(15)

The function g(x) is required to satisfy the boundary conditions g(O) = g(l) = 0, but is
otherwise arbitrary.

Substituting N expressed by eqns (15) for eqn (11), the mode of buckling wave in the
direction of the plate width is obtained as :

. n
f(y) = A sm dY. (16)

The boundary conditions (9) hold identically for the conditions, simply supported and
fixed at edges y = 0 and d. So bifurcation solutions for both the above conditions are identically
given by eqns (15).

(Strain-hardening range)
Substituting eqns (2)', (4) for eqns (1) and applying to eqn (5), I obtain

(17)

The out-of-plane displacement is assumed as eqn (7) and substituting to eqn (17), I obtain

Estlii (x)f(y) +2GIg(x)j"(y) +Ng(x)f(y) = O. (18)

When both edges are simply supported at x = 0 and I, adding the condition g(x) = 0 at
x = 0 and I to the boundary conditions given by eqn (9) and solving eqn (18) using the method
of separation variables, I obtain

Then,

. mn
g(x) = A sm -/- x. (19)

(20)

Equation (20) is rewritten as
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The general solution of eqn (21) when H i= °is given by

f(y) = B sin JHy+ C cos JHy.

The boundary conditions are given by eqn (9). Thus, from the condition at y =°
f(y) = B sin JHy.

Thus the buckling mode is represented by

. h; . mn
w = AB SIn V Hy . SIn -1- X.

From the boundary condition at y = d, I obtain

sinJHd=O.

Namely

JHd=n.

Therefore the following bifurcation strength is obtained :
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(21)

(22)

(23)

(24)

(25)

(26)

(27)

N defined by eqn (27) is minimum at m = I. Thus, I obtain the following bifurcation
strength and stress:

(28)

Assuming H =°in eqn (21), I obtain f(y) = Dy which represents a linear mode in the
direction of the plate width, but considering the boundary condition at y = 0, d, it is noticed
that this solution results in f(y) = 0, that is, a trivial one of no buckling.

Comparing eqns (28) with eqns (15) which were derived for plastic flow range, eqns
(28) give higher solutions because of the difference in the second term including Est in the
first part ofeqns (28). However the difference is at most 1.4% when lid = 1.5 and EIEst = 40.

Substituting H from eqn (26) in eqn (24) and selecting m = I, the following buckling
mode is obtained:

. n . n
w = ABsIndYS1D7x. (29)

It is the same as the plastic-flow range that the bifurcation solutions are identical for
both boundary conditions, simply supported and fixed, at y = 0, d.



224 T. INOUE

2.3. Comparison with cruciform section column
The result of the present paper is compared with that of cruciform section column

analytically derived by the author (Inoue and Kato, 1993).
The author showed that bifurcation stress and mode of buckling wave of cruciform

section column were given as follows:

(plastic-flow range)

(30)

where

b: projecting width of cruciform section column

• 11:
W = A sm 2b y·g(x).

(strain-hardening range)

11:
2 [G (b)2J(t)2

O'er = -12 2" + Est 7 b'

• 11: • 11:
W = AB sm 2b y sm 7 x.

(31)

(32)

(33)

Comparing these bifurcation stresses with those derived in the present paper (eqn
(15) in the plastic-flow range and eqn (28) in the strain-hardening range), the following
distinguishing character becomes clear. Bifurcation stress of the steel plate supported along
its four edges whose width d is 2b twice the projecting width of the cruciform section
column, has the same value as that of the cruciform section column. As for the mode of
the buckling wave, dividing the plate supported along its four edges into two parts along
its center line in the longitudinal direction, the mode of each plate is equal to that of one
plate which forms the cruciform section column. This feature is shown in Fig. 2 in the
direction of the plate width. Conversely, if connecting two modes of plates, which form the
cruciform section column, at their free edges, the obtained mode is the same as that of a
plate supported along its four edges. In Fig. 2, (a) is the section before buckling, (b) is the
mode after buckling of the plate supported along its four edges, and (e) is the process to
divide into two parts. The dashed lines which divide the section into sub-sections remain
parallel after buckling of the original lines before buckling. The reason that this feature
takes place is as follows:

(a) I:::;;:· .:;::;: I

(b)~
Four edges are supported

II

~
.... ~,.. z

(c) . . . .
. y , y_ .. -- ~ .._-

Cruciform + Cruciform

Fig. 2. Buckling mode.
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The general solutions for the mode of buckling wave in the direction of the plate width
are represented by eqns (10) and (22) for buckling in the plastic flow range and in the strain
hardening range, respectively. They must satisfy the boundary conditions given by eqn (9)
which are valid both for simply supported edges and fixed edges at y = 0 and d. Therefore,
these different support conditions have the same bifurcation stress and the same mode of
buckling wave (sine wave in the direction of the plate width). As described by the author
(Inoue and Kato, 1993), shear deformation in the transverse cross-section can take place
at the instant of buckling accompanied by torsion. Thus, the buckling wave mode in the
direction of the plate width satisfying the above-mentioned boundary conditions must be
accompanied by the shear deformation as shown in Fig. 2.

The detailed study of the aspect of slip deformation of the plate which forms the
cruciform section column holds in the same way for the present problem. This is because
of the analogy mentioned above.

3. TEST AND ANALYTICAL RESULTS

A compression test of box-section steel stub-columns was conducted as representative
of the plates supported along their four edges.

3.1. Test program
The specimens are welded box-section stub~columns as shown in Fig. 3. The corner

joint was formed by a partial penetration weld applying single V groove with 1 mm root
face. The ends of the stub-columns were milled plane and perpendicular to the longitudinal
axis of the stub~columns. The weld reinforcement was removed by a grinder. After com
pletion of welding and mechanical finishing, the specimens were annealed, in which spe
cimens' temperature was kept at 600°C for an hour and then slowly cooled in a heat
treatment furnace.

The material ofthe stub-columns is mild steel designated by SS400 in JIS. The measured
thickness of the plate elements was 5.81 mm. The measured dimensions of the specimens
are shown in Table 1. The total number of the specimens is 22, and they are classified as
Series A and B. The specimens of Series A and B are distinguished by the value of Lid, i.e.
Lid = 1.5 for Series A and Lid = 3.0 for series B.

It is usually suitable to make specimens as long as possible unless column buckling
takes place in order to obtain lowest buckling strength of plates. The length lid = 3 is
frequently adopted in this type of stub-column specimen in a compression test. Column
buckling does not take place in these specimens. The reason why more shorter specimens,
lid = 1.5, are planned is to examine the effect of the length of the specimens.

The definition of symbols in Table 1 is as follows:

t: thickness of the plate
d: width of the section
L: length of the specimen

dlt: width~to-thickness ratio.

d
t
H

d

'\7v

D 0.

Fig. 3. Specimens.
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Table I. Specimens of stub-column test

Code d(mm) I (mm) dlt lid

A-IO 58.00 87.0 10 1.5
A-12 69.55 104.4 12 1.5
A-14 81.25 121.8 14 1.5
A-16 92.75 139.2 16 1.5
A-18 104.45 156.2 18 1.5
A-20 116.05 174.0 20 1.5
A-22 127.60 191.4 22 1.5
A-24 139.15 208.8 24 1.5
A-26 150.85 226.2 26 1.5
A-28 162.45 243.6 28 1.5
A-30 174.15 261.0 30 1.5
B-IO 57.90 174.0 10 3.0
B-12 69.55 208.8 12 3.0
B-14 81.25 243.6 14 3.0
B-16 93.00 278.4 16 3.0
B-18 104.45 313.2 18 3.0
B-20 115.90 348.0 20 3.0
B-22 127.75 382.8 22 3.0
B-24 139.20 417.6 24 3.0
B-26 150.90 452.4 26 3.0
B-28 162.45 487.0 28 3.0
B-30 174.05 522.0 30 3.0

The mechanical property of the material from tension test is shown in Fig. 4 and Table
2. The definition of symbols in the figure and table is shown as follows:

ay: yield stress
am: maximum stress
ey: yield strain (ay/E)
est: strain at the onset of strain-hardening

Est: strain-hardening modulus.

These values were different from compression test of stub-columns. The property from
the compression test is shown in Table 3. The definition of symbols in the Table is shown
as follows:

cay: average yield stress
cey: average yield strain (cay/E)
cest: average strain at the onset of strain-hardening

Jist: representative value of tangent modulus in the strain-hardening range (value of
the specimen A-lO which has the smallest value of d/t).

3.2. Test procedure

3.2.1. Loading method. Load was centrally and monotonically applied using 200-ton
screw type testing machine. The specimens were placed on a thick steel plate designated by

~Est

4

2

a 1.0

2,30
I
I

I

2.0 3.0 5.0 6.0 7.0

Fig. 4. Stress-strain curve.
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Table 2. Mechanical properties from tension test
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l1y 11m ey £'t E"
Material (N mm- 2

) (N mm- 2) l1yjl1m (%) (%) e"jey (N mm- 2) E"jE

SS400 304 445 0.683 0.147 2.30 15.6 3805 0.0185

Table 3. Mechanical properties from compression test

cay c£y cSst CES!

Material (N mm- 2) (%) (%) cBst!cSv (N mm- 2) cEstjE

SS400 318 0.154 1.27 8.26 4491 0.0218

A in Fig. 5 and the plate A was placed on a steel base with sufficient strength and rigidity.
Load was applied through a bearing plate B. Plates C were attached in order to measure
axial shortening after mentioned. At the beginning ofloading, the bearing plate B was kept
free to rotate. After visually confirming the perfect contact between the bearing plate and
the top-face of the specimen, the bearing plate was fixed using nuts and bolts to prevent
rotation.

3.2.2. Measurement ofdeformation. Axial shortening between plates C was measured
by four dial gages as shown in Fig. 5. Measuring positions are four positions on the
continuation of diagonal lines of the section of the specimen.

3.3. Test results

3.3.1. Load-deformation relation. (l/e(ly-e/eey relations were obtained as test results.
These are relations between the following two nondimensionalized volumes. One is working
stress (l divided by the yield stress e(ly, and the other is strain e, axial shortening divided by
the length of the specimen, divided by the yield strain eBy. Test results showed clear plastic
flow. These results are shown in Figs 6(a, b). Termination of curves in these figures are
breaking points of welded parts.

3.3.2. Stress increase and analytical value. Nondimensionalized stress increases rate T,

and the experimentally obtained maximum stress (lrnax divided by e(ly, are shown in Table
4. These are graphically shown in Fig. 7. In Fig. 7, the ordinate is the stress increase rate
T, and the abscissa is equivalent to the width-to-thickness ratio d/tJh. I compare these

I

Fig. 5. Test set-up.
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(8)

2.0 61c6v
A - I 0

A - I 2
A

"
A - I 6

A - 2 8
A 3 0

£/c£v

00 50 100
Fig. 6(a). (J/c(Jy-B/cBy curve for series A.

(b)

2.0 61c6v
B-1 0

8 - 1 2

• I ,

• I 6

B-2 8

£/c£v

00 50 100
Fig. 6(b). (J/c(Jy-B/cBy curve for series B.

rs with the analytical values obtained in Section 2. For comparison, eqn (15) in Section 2
for the plastic-flow range is used because eqn (28) for strain-hardening range is almost the
same as in eqn (15).

Dividing both sides of eqn (15) by the yield stress (T y :

(Ter tt
2 1

(Ty 12(1 +v) (d/tj;;)2·
(34)

Supposing the left-hand side of the above equation is equal to r, this equation is drawn

Table 4. Test results

Code 1: dltjh

A-1O 1.65 0.392
A-12 1.51 0.471
A-14 1.36 0.549
A-16 1.24 0.628
A-18 1.10 0.706
A-20 1.05 0.785
A-22 1.00 0.863
A-24 1.00 0.942
A-26 1.00 1.020
A-28 1.00 1.099
A-30 1.00 1.177
B-1O 1.63 0.392
B-12 1.47 0.471
B-14 1.31 0.549
B-16 1.18 0.628
B-18 1.13 0.706
B-20 1.01 0.785
B-22 1.00 0.863
B-24 1.00 0.942
B-26 1.00 1.020
B-28 1.00 1.099
B-30 1.00 1.177
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Fig. 7. Analytical and test results.

by a solid line in Fig. 7. Equation (15) for the plastic-flow range is originally significant at
one point at which eqn (15) intersects the line defined by (i = (iy. So this point is that at
which eqn (34) intersects the line defined by T = 1,0 in Fig. 7. The analytical solution for
the strain-hardening range is nearly equal to the increasing part of eqn (34) beyond 1.0 as
mentioned above.

The minimum solutions derived from deformation theory by Stowell and Pride (1951)
on the basis of Fig. 4 are also shown in Fig, 7 by a dashed line. These solutions are derived
for the long plates simply supported along all four edges.

This figure demonstrates that the analysis and the experiment have exceptional agree
ment with respect to the upper limit of the width-to-thickness ratio range in which axial
stress can be increased over the yield stress into the strain-hardening range.

With the decrease in the effective width-to-thickness ratio in the strain-hardening range,
the stress increase rate becomes larger, but the experimental data points are below the
analytical predictions. The reason for this discrepancy is not apparent, but may be due to
the loss of geometric similarity of the yield locus in the strain-hardening range, which is the
basic assumption in this analysis. When the geometric similarity is impaired, slip defor
mations in different directions can be combined.

It can be concluded that the proposed analytical method provides a good agreement
with the experimental results especially in the early plastic zone.

4. SUMMARY AND CONCLUSIONS

Plastic buckling of steel plates supported along their four edges was analysed, and the
results were compared with test results. The main points of this paper are as follows:

(1) Shear modulus and bending stiffnesses obtained by the authors (Inoue and Kato,
1993) are used in the analysis of plastic buckling of rectangular steel plates sup
ported along their four edges under uniaxial compression.

(2) Bifurcation stress of the steel plate supported along its four edges whose width d
is 2b, twice the projecting width of the cruciform section column, has the same
value as that of the cruciform section column.

(3) As for the mode of buckling wave, dividing the plate supported along its four
edges into two parts along its center line in the longitudinal direction, the mode of
each plate is equal to that of one plate which forms the cruciform section column.

(4) The detailed study, by the author (Inoue and Kato, 1993), of the aspect of slip
deformation in the section of the plate which forms the cruciform section column
holds in the same way for the present problem. This is because of the analogy of
Conclusions (2), (3).
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(5) For buckling in the plastic-flow range, the buckling wave mode in the longitudinal
direction must satisfy the condition that the displacement at the boundary is equal
to zero, but is otherwise arbitrary. For buckling in the strain-hardening range, the
buckling mode in the longitudinal direction is sinusoidal. The buckling mode in
the transverse direction is sinusoidat both for the plastic-flow and for the strain
hardening ranges.

(6) The analytically obtained width-to-thickness ratio to reach the onset of strain
hardening surprisingly coincides with the test result.

(7) With the decrease in the effective width-to-thickness ratio in the strain-hardening
range, the stress increase rate obtained experimentally is below the analytical
predictions.

(8) Proposed analytical results provide a good agreement with test results especially
in the early plastic zone.
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